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MACROKINETIC EQUATIONS FOR A PHASE 

TRANSITION OF THE FIRST SORT 

M. I. Ii'in and A. A. Zhitinkin UDC 517.2:541.12.01 

Differential equations are derived for phase transition kinetics. Analytic 
solutions are obtained for linear dependence of new phase growth rate on the 
degree of completion of the phase transition. 

A phase transition of the first sort in solutions or alloys involves the simultaneous 
stages of new phase nucleus formation and growth [1-3]. Let l(t) be the frequency of nuc- 
leus formation per unit volume at time t, while v(t, ~) is the volume of the growing center 
at the actual time ~. In analogy to [2], but for systems in which only a definite fraction 
of the material ~* can transform to the new phase (as is characteristic, for example, of 
polymer systems where ~* = 0.i-0.9~, one can write the following integral equation: 

(~) = IP--A-n i v (t, *) I (t) [~* - -  ~ (t)l dr, 0 ~ ~ ~-~ a*,  ( 1 ) 
J 

where 

Ph 
0 

,/l  

v(t, "c)=l~ [I, GO1) d~ll ; t- '~'~l<'~" (2) 

X = ~ / ~ * ,  we w r i t e  Eqs .  ( 1 ) ,  ( 2 )  i n  t h e  fo rm  Introducing the degree of completion 

X (-c) = a .I 
0 

[l(t, T)I n l(t) l l - - X ( / ) l d t ;  ( 3 )  

T 

l (t, ~) = .f G ('q) d~l; a = PA~/Ph. ( 4 )  
t 

When the quantities I and G are variable, integral equation (3) is nonlinear, and its 
solution is extremely difficult. For constant I and G analytical solutions of Eq. (3) have 
been obtained [2-4], but they describe only the free growth stage up to values of X = 0.I- 
0.3, after which the solutions lose physical meaning. 

For this reason, despite the fact that the formulation of Eqs. (3), (4) is the most 
physically correct and formal, at present other approaches are used to describe phase 
transition kinetics [1-9]. 

In the present study integral equations (3), (4) will be transformed to a differential 
equation convenient for practical applications. We write Eqs. (3), (4) in the form 

X(~)=a S [l(~)=I(t)ln I(t) ( 5 )  o - ~  [1 - -  X (t)] dl (t); 

T 1 

i 0(n)d 1; l(0= ( O(n)dn 
5 b (6) 

In accordance with [i0] the integral in Eq. (5) can be replaced by a multiple integral 
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Fig. i. Theoretical isotherms 
of phase transition kinetics. 
Digits on curves are growth 
dimensionality n. 
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l(t) [1--X(t)ldl(t) . . .  a l l ( t ) ,  

G(t) 

and differentiation of the latter yields 

d ('z+l) X(~)  = an! .,I (z) 
[G (v) dxl n+l G (~) 

We rewrite Eq. (7) in a more expanded form: 

n = 1 (one-dimensional growth) 

d 

d~ 

n = 2 (two-dimensional growth) 

d{i 
dT O (V) 

n = 3 ( t h r e e - d i m e n s i o n a l  g rowth)  

d ( 1 d 
dv . G(z) d~ 

The initial conditions for Eqs. 

[I -- x (~)1 

1 dX ] =aI(T)(1--X); 
G(v) dv 

d I I d X ] } = 2 a l ( v ) ( l _ _ X ) ;  
- -  d~- [  C(~) d~ 

G('r) d'r G(v) d~ J, 

( 7 ) - ( 1 0 )  f o l l o w  from Eq. 

d (n) X (0~ 
x (o) = 0; 

dx n 

6al (v)(1 - -X) .  

(3)  

~ o .  

(7) 

(8 )  

(9) 

(lO) 

( 1 1 )  

In practical numerical calculations it is desirable to transform from the (n + l)-th 
order Eqs. (8)-(10) to a system of (n + i) ordinary differential equations. 

In integrating Eq. (7) it is necessary to specify the concrete form of the function 
G(~), which characterizes mutual suppression (collision) of the growing surfaces. We de- 
fine the mean growth rate G by means of the following material balance: GS = G0S 0, where 
S o is the freely growing surface and S is the total surface (free and covered at a given 
moment of time). If we assume that the fraction of free surface S0/S is proportional to 
the fraction =* - ~ of material which has yet to undergo the phase transition, we obtain 

G(T) = G0(d) h~* [1 - -  X (v)l, (12)  

where h is a proportionality coefficient. 

We will note that for G0(x) = const (for example, isothermal conditions) it follows 
from Eq. (12) that G(T) depends on time only through the degree of completion X(T). Sub- 
stituting Eq. (12) in Eq. (7), we obtain 

a(n+l) X = a.n!  I(~).. (13)  
dln+l (~) h~* Go(d ) 

We will consider the case I(~)/G0(~)= const, which corresponds to isothermal or iso- 
kinetic [9] conditions. In the latter case I ~ G0(the rates of primary and secondary nuc- 
leus formation are characterized by identical activation energies). In this case Eq. (13) 
can be integrated with initial conditions (ii), yielding 

X (T) --  a I (~) O (t) dt , 
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F i g .  2. Comparison o f  exper imen t  ( p o i n t s )  and c a l c u l a -  
[ i o n s  w i t h  Eq. (16)  ( s o l i d  l i n e s )  f o r  n = 3 o f  k i n e t i c  
relationships for crystallization of polyether urethane: 
a) molecular mass M = 12,000, crystallization temper- 
ature 285.5~ (i), ~1/2 = 50 sec; 287~ (2), 61 sec; 
290.50K (3), 70 sec; 293~ (4), 125 sec; 297.8~ (5), 
230 sec; b) M = 24,000, 280.5~ (I), 82 sec; 285.50K (2), 
122 sec; 287.1~ (3), 140 sec; 291~ (4), 190 sec; 298~ 
(5), 685 sec. 
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Fig. 3. Temperature depen- 
dence of phase transition 
coefficient. Fusion temper- 
ature T m = 316~ i) M = 
12,000; 2) 24,000. Ks, sec-4; 
TmR/[T(Tm - T)2], K -I 

which can easily be reduced to the differential form 

dX I n 
d--S- = (n-i- 1)[K~ ('c)] ~+I X "+~ (1 - - X ) ,  

whe re  K .  = al (~') [o~*hGo ('c)] "~. 

After integrating Eq. (14) we obtain the following results: 

r..-tzq- 1 _ 
l \ n  ~ - -  ior E ( r )  = (n~- 1) isothermal conditions,  Ka ~-~ const; = 

[(n I) I" [K,, (t)l "+' dt - for isokinet ic conditions 

In 1 + X II2 
I - - X  1/2  for n - -  1; 

= I1 n I 1 ~- X t/s + X z/3 (2X 1/3 -~ I f o r  n=2; 

[ In 1 + X I/4 
l _ _ X l / 4  4 - 2 a r c t g X  1/4 f o r  .n==3. 

(14) 

(15) 

(16)  
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Theoretical dependences, constructed in the coordinates X - T/TI/2 with Eq. (16) for 
isothermal conditions are shown in Fig. i. The time TI/2 of the semiperiod for which 
X = 1/2 is related to the phase transition coefficient as follows:KiT~/2 = 0.7768; K2T~/2 = 
0.8244; KsT~/2 = 0.8554. 

Figure 2 shows a comparison of experimental results on the kinetics of isothermal 
crystallization of polyether urethane with calculations by Eq. (16) for n = 3 (curves). The 
kinetics of the polyether urethane phase transition from a melt to the crystalline state 
have been studied by x-ray and optical methods [ii, 12]. The temperature dependence of the 
phase transition coefficient in coordinates corresponding to the theory of [2, 3, 9] is 
shown in Fig. 3. 

In conclusion, we note that to describe the nonisothermal kinetics of a phase transition 
with the aid of Eqs. (7)-(10) it is necessary to use the model of [2, 3, 13] for primary 
nucleus formation I(T) and free growth rate G0(T). As a rule, time dependence of these 
quantities is realized through temperature change with time. In this case it is only pos- 
sible to obtain numerical solutions of the nonisothermal phase transition kinetics problem, 
analysis of which is of both practical and theoretical interest. 

NOTATION 

I, frequency of nucleus formation per unit volume; G, mean linear growth velocity; G 0, 
free growth velocity; t, ~, time for formation of new phase nucleus and current time; X, 
degree of completeness of phase transition; PA, Pk, densities of old and new phases; n = i, 
(one-dimensional new phase growth); n = 2, (two-dimensional); n = 3~ (three-dimensional); 
Kn, phase transition coefficient; ~i/2, time of phase transition semiperiod. 
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